This paper studies the largest cycles consisted by the quadratic residues modulo prime numbers. We give some formulae about the maximum length of the cycles. Especially, the formula for modulo Fermat primes is given.
Examples and Definition
We find this phenomenon by computation. So let us begin with some examples. Let's consider quadratic residues module 999 first. We find that these numbers t454, 322, 787, 988, 121, 655u consist a cycle, also for the numbers t445, 223, 778, 889, 112, 556u. The length of the cycle is 6. In fact it is the maximum number of the elements in the cycles. We called it the length of the largest cycles for the quadratic residues of 999. Look another example We see that, there exist a smaller cycle. We are interesting in the largest cycles.
Definition. Consider the equation x 2 " a pmod mq. If there exist a series of numbers tx i u
then we call these k numbers consist a cycle modulo m. The number k is defined as the length of the cycle.
It infers that
There exists at least one largest cycle. We denote the length of it by Lpmq. For example, Lp99q " 4, Lp999q " 6. In the next section, we try to find out the formula for Lpmq.
Computations
The maximum length of the cycles modulo prime numbers are list as follows: Obviously, it establishes a map from the set of primes PRIMES to the set of positive numbers Z`:
In fact, E. L. Blanton, Jr., S. P. Hurd and J. S. McCranie [8] The data listed in these tables are all verified by computations. Lpp 2 q is relevant to p´1 and Lppq. It is rather complicated and we discuss it later. But for few exceptions we have the explicit formula. For example, the Fermat primes (Proposition 4.1 and 4.3).
For the first five Fermat primes F 0 " 3, 
Some lemmas
Definition ( [7] ). Let n P N. A primitive root mod n is a residue class α P pZ{nZq˚with maximal order, i.e., ordpαq " ϕpnq.
Lemma 3.1. The Euler's totient function ϕpmq have the following formula for m " p n :
Euler's totient function is a multiplicative function, meaning that if two numbers m and n are coprime, then ϕpmnq " ϕpmqϕpnq.
Lemma 3.2 (Euler's Criterion). Let p be an odd prime and a not divisible by p. Then a is a quadratic residue modulo p if and only if
The proof uses the fact that the residue classes modulo a prime number are a field. Proof. Let a be a quadratic nonresidue of the Fermat prime F n , and let e " ord 7] ). Let n P N, a P Z coprime to n. Consider the equation On one extreme, this means if gcdpd, ϕpnqq " 1, then there is a unique d-th root mod n of any a P Z coprime to n. On the other hand, it means that for any d|ϕpnq, there are exactly d solutions mod n to the equation 
Main results
Proposition 4.1. For the Fermat primes, i.e., the prime numbers of the form p " 2 2 k`1 , we have Lppq " 1.
To find the largest cycle of the quadratic residue equation of modulo F k . We consider the equation
where x is coprime with F k . Then it is equivalent to the equation
By Lemma 3.4, (.) have a solution. And the number of the solutions is equal to gcdp2 m´1 , 2 2 k q " 1.
Since x " 1 is the trivial solution of (.), hence there is no other solutions. Hence we have LpF k q " 1.
Remark 4.2. Since there is a primitive root mod F k , by Lemma 3.5, for any 1 ď m ď 2 k , x 2 m " 1 pmod F k q have exact 2 m solutions. Suppose k ě 1. Let's consider the equation
By Lemma 3.4, it has a solution since p´1q
" 1 pmod F k q. And there are exactly two solutions of this equation. By Lemma 3.3, these two solutions tx 1 , x 2 u are the primitive roots modulo F k . By definition of primitive root, they have the maximal order. That is, ordpx 1 q " ordpx 2 q " ϕpF k q " 2 
Proof. We have verified it for k " 0, 1, 2, 3, 4, the known Fermat primes. Suppose p " F k " 2 2 k`1 is a prime, k ě 1. Similar to the Proposition 4.1, we consider the equation
and find the nontrivial solution for the maximal m. Since F k is a prime, for x ‰ F k , x is coprime with F 2 k . Then it is equivalent to
By Lemma 3.4, there are gcdp2 m´1 , ϕpF 2 ksolutions. By Lemma 3.1, ϕpF
has nontrivial solutions. The number of the solutions is equal to 2
It infers that m " h¨2 k`1 , here h ě 1. And there are 2 2 k`1 solutions include the trivial x " 1. So, for example, if h " 2, then
Since there are pp´1q{2 quadratic residues mod p, we have Lppq ď pp´1q{2. However, 1 maps to itself under squaring mod p, so we expect Lppq ď pp´3q{2.
In the theorem below, we state a condition for this to happen. Proof. Let d be an odd divisor of p´1. Then there is a solution to the equations
Then such x is a solution to the equation
for all m such that ord d p2q|m where ord d p2q is the multiplicative order of 2 mod d. Furthermore,
We need only consider the case where pp´1q{2 is odd, since if d ă pp´1q{2, then ord d p2q ă pp´3q{2. Now any odd d dividing pp´1q satisfies ord d p2q ď ord pp´1q{2 p2q, hence Lppq " ord pp´1q{2 p2q. This is pp´3q{2 if and only if q " pp´1q{2 is prime and 2 is a generator of pZ{qZq˚.
Remark 4.5. Similar to the case for Lppq, we have
Let n be the largest odd divisor of p´1. Then Lppq " ord n p2q and Lpp 2 q " ord np p2q " lcmpLppq, ord p p2qq, where lcmpa 1 , . . . , a n q stands for the lowest common multiple of a 1 , . . . , a n .
From the above tables, we guess there are formulas for Lpp n q for n ě 2. Thus, p|p2 p´1´1 q for p ą 2. Hence gcdp2 m´1 , pp´1qpq ą 1 ô gcdp2 p´1´1 , 2 m´1 q ą 1 or gcdpp´1, 2 m´1 q ą 1.
Hence for find the largest m, we only need to consider gcdp2 p´1´1 , 2 m´1 q ą 1 with m ě p´1. Which infers that m " hpp´1q, h ě 1.
On the other hand, we can proved that h ď Lppq. In fact Figure 1 describes the relationship between modulo p and modulo p 2 . Suppose
Then there exists some integers s and t such that
Thus, we have Proposition 4.7. For n ě 3, we have
Proof. By using the same idea (as illustrated in Figure 1 ) in the proof of Proposition 4.6, we know that if x 2 i " x j pmod p 2 q and x
Thus, following the arguments, we get Lpp 3 q ď p¨Lpp 2 q. Note that the multiplication factor is p, not p´1. If the largest cycle modulo p 3 is less than pLpp 2 q. That is, the largest cycle doesn't take all of the elements in the area similar in Figure 1 . Then, there must be another largest cycle modulo p 3 . If use curve to describe the cycle, then the curve intersect each vertical line once. They all project onto the "line" r0, p 2 s. And they are not intersect (i.e., have no common elements). Since Lpp 3 q ą Lpp 2 q, the largest cycle's length must greater than Lpp 2 q. And note that there are p rows(p is a prime number), then the number of largest cycles must be 1. That is Lpp 3 q " pLpp 2 q. For the general cases, the idea is the same. By conduction we complete the proof. 
